The aim of this paper is to calculate the eta invariants and the dimensions of the spaces of harmonic spinors for two infinite families of closed flat manifolds. The first one F CHD consists of some flat manifolds M with cyclic holonomy groups. The second one F HW is the family of generalized oriented Hantzsche-Wendt manifolds. If M ∈ F HW , and M admits a spin structure, then η(M ) = 0 and h(M ) = 0. If M ∈ F CHD , then we give explicit formulas for η(M ) and h(M ). The are expressed in terms of solutions of appropriate congruences in {−1, 1} [ n−1 2 ] . The methods used here can be generalized to various other cases.
Introduction
In this paper we consider Dirac operators on two infinite families of closed flat manifolds. The first one F CHD consists of flat manifolds M with cyclic holonomy groups of odd order equal to the dimension of M. The second one F HW consists of oriented generalized Hantzsche-Wendt manifolds. We describe the eta invariants of the Dirac operators arising from different spin structures and we give necessary and sufficient conditions of the existence of nontrivial harmonic spinors. The results allow to calculate the eta invariants and the dimension of the space of harmonic spinors using a computer. The family F CHD is particularly simple and the investigation of different properties of multidimensional flat manifolds should start with the investigation of them in this particular case. The methods developed here are of independent interest. They can be generalized to many other cases.
To formulate the main results we need some definitions. Let h(V ) be the dimension of the vector space of harmonic spinors on a spin-manifold V. Let n = 2k + 1 be an odd number, and let a 1 , ..., a n be a basis of R n . Consider the linear map A : R n → R n such that A(a j ) = a j+1 for j < n − 1, A(a n−1 ) = −a 1 − ... − a n−1 , and A(a n ) = a n . Let a = 1 n a n and let g(x) = A(x) + a. An n-dimensional flat manifold M ∈ F CHD can be written as R n /Γ, where Γ = a 1 , ..., a n−1 , g . The linear part A of g has two lifts α + , α − ∈ Spin(n) such that α n + = id and α n − = −id (see Section 2) . This defines two spin structures on M. Now we state the main results of the paper. It is easy to see that generalized Hantzsche-Wendt manifolds with k even do not admit spin structures (see Remark 4) . To formulate the result describing η n M (0) for M n ∈ F CHD we need some combinatorial invariants. It is known that η M n (0) = 0 if k is even (cf. [1, p . 61]) so we consider the case when k is odd. Let
is odd .
For every ǫ = (ǫ 1 , ..., ǫ k ) ∈ {−1, 1} k consider
ǫ j j and ν(ǫ) = ǫ 1 · · · ǫ k .
in the case of α + , and let
in the case of α − . The numbers A r are well defined (cf. Remark 1).
Theorem 3.
Let k be an odd positive integer and let n = 2k + 1.
If M n ∈ F CHD , then we have a similar description of h(M n , α + ) (Proposition 2). We give some examples illustrating Theorem 3. The simplest one is Example 1 reproving a result of [12] .
The spectra of the Dirac operators on flat tori were described in [6] . The spectra of the Dirac operators on closed 3-dimensional flat manifolds and their eta invariants were calculated in [12] . If the holonomy group of a closed flat spin 3-manifold V is nontrivial, then h(V ) = 0 and η V (0) = 0 only when the holonomy group of V is isomorphic to Z 3 ( [12] ). Related results about the eta invariants for the signature operators on closed 3-dimensional flat manifolds can be found in [10, p. 176] . For more information we refer to [2] and [7] .
Throughout this paper the following notation will be used. If G is a group and g 1 , ..., g l ∈ G, then g 1 , ..., g l is the subgroup of G generated by g 1 , ..., g l .
The symbol X
G stands for the set of the fixed points of an action of G on X. For every g ∈ G, X g = {x ∈ X : gx = x}. By Γ (or Γ n ) we denote the deck group of a closed flat manifold M, by h the holonomy homomorphism of M, and by h its lift to Spin(n). The standard epimorphism from Spin(n) to SO(n) will be denoted by λ (cf. Section 2). The letter Γ 0 stands for the maximal abelian subgroup of Γ consisting of all translations belonging to Γ, (cf. [4] ). By a 1 , ..., a n we usually denote a basis of Γ 0 . The subspace of a vector space spanned by vectors v 1 , ..., v l will be denoted by Span[v 1 , ..., v l ]. The symbols α + , α − , h(M), c(k), µ ǫ , ν(ǫ), and A r were defined above. The cyclic group A will be denoted by G. We would like to thank Andrzej Weber for helpful conversations.
Spin structures on F CHD -manifolds and Dirac operators
Let k ∈ N ∪ {0} and let n = 2k + 1.
.., a n and Γ be as in the introduction, and let , * 0 be an A-invariant scalar product in R n . Then
b) the eigenvalues of A are equal to e 2πij n , j = 1, ..., n, c) Span [a 1 , ..., a n−1 ] ⊥ a n , d) there is an A-invariant scalar product , , similar to , 0 , such that a n , a n = 1.
Proof . a) For the sake of completeness we give a simple direct argument (cf. [4] ). Assume that γx = x for γ ∈ Γ. Then γ n x = x. Since Γ 0 acts freely, γ n = 1. Hence γ = 1. The action of Γ is properly discontinuous, because the action of Γ 0 is. The manifold R n /Γ is closed and orientable, because R n /Γ 0 is closed and A ∈ SO(n).
Applying the Laplace expansion with respect to the first row we have
Using this it is easy to check that det M j (z) = (−1)
and the eigenvectors of A are equal to e 2πij n , j = 1, ..., n. c) Let W = Span [a 1 , ..., a n−1 ] and let w ∈ W. It is clear that W is an (n − 1)-dimensional A-invariant subspace of R n and
A j w, a n = w, n−1 j=0 A −j a n = n w, a n we have w, a n = 0.
Let , * be a scalar product in R n and let e 1 , ..., e n be an orthonormal basis in R n , , * such that:
(i) e 1 , ..., e n−1 ∈ Span [a 1 , ..., a n−1 ] and e n = a n , (ii) for every for j ≤ n − 1 : A(e 2j−1 ) = cos(2πj/n)e 2j−1 + sin(2πj/n)e 2j , and A(e 2j ) = − sin(2πj/n)e 2j−1 + cos(2πj/n)e 2j . We say that the Riemannian metric on M determined by , * is special. Throughout the rest of the paper we shall always assume that a Riemannian metric on M ∈ F CHD is special and e 1 , ..., e n is a basis satisfying (i) and (ii).
Let Cliff(n) be the Clifford algebra in R n and let Cliff C (n) be its complexification. The group Spin(n) is the set of products x 1 · · · x 2r , where r ∈ N, and where x 1 , ..., x 2r are the elements of the unit sphere in R n . The standard covering map λ : Spin(n) → SO(n) carries y ∈ Spin(n) onto R n ∋ x → yxy * , where (e j 1 · · · e js ) * = e js · · · e j 1 . A spin structure on an orientable flat manifold V = R n /Γ V is determined by the lift h : Γ V → Spin(n) of the holonomy homomorphism h : Γ V → SO(n). Recall that h carries γ ∈ Γ V onto its linear part h(γ). For M ∈ F CHD we have h(Γ) = A ∼ = Z n and any lift A of A to Spin(n) defines the lift h of h, given by the formulas h(a j ) = 1 for j ≤ n − 1, h(g) = A. In order to construct A consider β = π n , r j = cos(jβ) + e 2j−1 e 2j sin(jβ),
Using this it is easy to check the following.
and λ(α) = A.
Now we can define
Since n is odd, α n + = 1 and α n − = −1. To see that α + and α − determine all spin structures on M we need the following lemma, known in the case when p is a prime number ([4, p. 153]).
Proof. a) The group Γ 0 = a 1 , ..., a n is the maximal abelian subgroup of Γ and the following sequence 
where S is a finite group. According to [3, ch.3, § 9] , there are homomorphisms res :
is torsion free we have nS = 0. In particular, the order of S is odd.
This finishes the proof of Lemma 4.
Since α + , α − are different lifts of the holonomy homomorphism h to Spin(n), the spin structures determined by them are different. It is known that spin structures on M correspond to the elements of By [7, Section 1.3] , the irreducible complex Cliff C (n)-module Σ 2k can be described as follows. Let
and let α(j) = 1 if j is odd 2 if j is even . Take an element
and the orthonormal basis e 1 , .., e n considered above. Then
for j ≤ n − 1, and
A spin structure on M determines a complex spinor bundle P Σ 2k with fiber Σ 2k . This bundle is the orbit space of R n × Σ 2k by the action of Γ given by
where x ∈ R n and v ∈ Σ 2k . Clearly h(a j ) = 1 for j ≤ n − 1 and h(g) = ±α.
Since Span[e 1 , ..., e n−1 ] = Span[a 1 , ..., a n−1 ] and a n = e n we have h(e j ) = 1 for j ≤ n − 1.
Consider the covering T n = R n /Γ 0 → M, where Γ 0 = a 1 , ..., a n . As n is odd we have h(a n ) = ±α n .
The lift P T Σ 2k of P Σ 2k to T n is the orbit space (R n × Σ 2k )/Γ 0 , where the action of Γ 0 on R n × Σ 2k is given by the formula
in the case of α + and
in the case of α − .
To deal with the spectrum of the Dirac operator D it is convenient to describe it in terms of the spectrum of D 2 . We state without proofs some related results of [12] that will be used later. Identify the parallel section R n ∋ x → (x, v) ∈ R n × Σ 2k with v. Every section of the trivial bundle R n × Σ 2k (covering our bundle P Σ 2k ) can be written as f v for some f ∈ C ∞ (R n ) and for some parallel section v. Take the coordinate system x 1 , ..., x n determined by e 1 , ..., e n . Since v is parallel,
e n in the case of α − . The action of g on on the set of sections of R n × Σ 2k , induced by the action of g on R n , is given by the formula
Lemma 5 (cf. [6] , [12, section 4] 
As in [12] we decompose D onto a symmetric part D S and possibly asymmetric part D P as . To achieve this goal consider b ∈ B and
. It is easy to see that
. Let B Sym = {b ∈ B : #G(b) = #G}, let B P as = {b ∈ B : #G(b) < #G}, and let
Clearly B is the disjoint union of B Sym and B P as and the Dirac operator D on M can be identified with D S ⊕ D P as . In the proof of Theorem 3 w use Theorem 4.2 from [12] . In a particular case, for M ∈ F CHD it can be stated as follows.
b) The spectrum of D S is symmetric.
The statement b) means that if λ is an eigenvalue of D S , then −λ is an eigenvalue of D S of the same multiplicity.
Eta invariants of F CHD -manifolds
The aim of this section is to prove Theorem 3. Recall that the η-invariant of the Dirac operator on a closed spin manifold M is defined as follows. As D is elliptic formally self adjoint, it has discrete real spectrum and the series λ =0 sgn λ|λ| −z converges for z ∈ C with Re(z)
Define an endomorphism ρ 1 of C 2 by the formula
The matrix of ρ 1 is equal to
so that the matrix of ρ The following lemma is crucial.
and let µ ǫ be as in Theorem
Proof. a) Since T 2 = id,
and consequently
b) For j ≤ k we have e 2j−1 e 2j e n = e n e 2j−1 e 2j so that r j e n = e n r j . c) is obvious.
Since #{v ǫ : ǫ ∈ {−1, 1} k } = 2 k = dim Σ 2k and the vectors v ǫ are linearly independent, they form a basis of Σ 2k . e) We have T (w 1 ) = −w 1 and T (w −1 ) = w −1 . It follows that
This finishes the proof of Lemma 7.
Lemma 8. Let E(λ, D P as ) be the eigenspace of λ for D P as on M. Then:
Proof. a) By Lemma 5 e), the eigenvectors of λ, can be written as f b v for some b ∈ B P as and v ∈ Σ 2k . The condition #G(b) < #G means that A s (b) = b for s < n and this implies that b ∈ Span[e n ] so that b = l 0 e n for some l 0 ∈ Z. According to Lemma 5 b), λ = ±2πl 0 .
b) By Lemma 7 e) we have
, then v is an eigenvector of e n so that v = v ǫ for some ǫ ∈ {−1, 1} k . By a) and b),
Now we are able to describe the spectrum of D P as .
Proposition 1.
Let n, k, M, µ ǫ , ν(ǫ), and c(k) be as in Theorem 3. a) If the spin structure is given by α + , then
Using this and the definition of c(k) it is easy to see that µ ǫ /2 + c(k)n is an integer.
Proof of Proposition 1. a) Recall that a = 1 n e n , g(x) = A(x)+a, and G = A . ¿From the definitions of α + and c(k) it follows that α + = (−1) 2c(k) α. Since A(a) = a and AA * = id we have
The condition gf len v ǫ = f len v ǫ is satisfied if and only if l ∈ nZ + e n so that the eigenvectors of D P as on T n can be written as f (l+ )en v for l ∈ Z, v ∈ Σ 2k . We have
.
Reasoning as in a) we get
Hence f (l+ ] odd and with a fixed spin structure. Assume that
Proof. a) If the spin structure on M is α + , then b = le n for some l ∈ Z, and, from the equivariance of f b v ǫ , it follows that
and f −b v −ǫ is g-equivariant. By the assumption that k is odd, ν(−ǫ) = −ν(ǫ). According to Lemma 8, f −b v −ǫ ∈ E(λ, D P as ).
If the spin structure is α − , then we use a similar argument. We write b as (l + 1 2 )e n and we use the congruence
b) If the spin structure is α + , then using Proposition 1 and a), we get
A similar argument can be applied to α − .
In order to prove Theorem 3 we need Lemma 5.5 from [12] . It can be stated as follows. 
Then η d,C,σ (z) has a meromorphic extension to C, 0 is a regular point of η d,C,σ (z), and
Proof of Theorem 3. a) Let S P as be the set of eigenvalues of D P as , let r ∈ {0, ..., n − 1}, m ∈ Z, and let S r = {2π(mn + r) : m ∈ Z}. It is clear that S r are disjoint and S P as ⊆ ⋒ n−1 r=0 S r . By Lemma 6, D S has symmetric spectrum so that for Re(z) sufficiently large
By Lemma 9 b), dim E(λ, D P as ) = A r for λ ∈ S r . If A 0 = 0, then the eigenvalue λ ∈ S 0 occur together with −λ with the same multiplicity A 0 so that λ∈S 0 −{0}
A 0 sgn (λ) |λ| z = 0 and, for Re(z) sufficiently big,
By Lemma 10,
b) We use similar arguments as those given in the proof of a). Now the component S 0 is not symmetric so that we do not remove r = 0 from the formula describing η M (z). The equality 2π mn + r + 1 2 = 2πn m + 2r + 1 2n
and Lemma 10 implies that
This finishes the proof of Theorem 3.
Example 1. The eta invariants of (M 3 , −α) and (M 3 , α) were calculated in [12] . We explain how to obtain this result using Theorem 3. Consider the first case. We have ǫ = 1 or ǫ = −1. Only ǫ = 1 satisfies ν(ǫ) (1) mod (3) has only one solution r = 2 belonging to {1, 2}. Since
we have A 2 = 2. By Theorem 3,
In the case of the second structure from the equation
it follows that r = 0. Since A 0 = 2 we have
Remark 2. Example 1 shows that the difference between the eta invariants arising from different spin structures on M 3 ∈ F CHD is an integer. This is a particular case of a general result of M. Dahl ([5, Theorem 3.1]).
Example 2.
We calculate the eta invariant of the 7-dimensional spin manifold M, α + such that M ∈ F CHD . Since k(k + 1)/2 = 6 is even our equation is r ≡ µ ǫ 2 mod (7).
The values of 
Harmonic spinors on F CHD -manifolds
A harmonic spinor on a closed spin manifold M is an element of the kernel of the Dirac operator on M.
Proof of Theorem 1. a) We have
µǫ v ǫ . It is easy to see that the equality α + v ǫ = v ǫ implies α + v −ǫ = v −ǫ . Using this and the arguments given in the proof of Theorem 1 we have.
In particular, h(M, α + ) is even.
Remark 3.
Let X be a manifold such that ∂X = M and let D X be the operator on X, defined in [1] , with the boundary condition introduced in [1] .
Harmonic spinors and eta invariants for Hantzsche-Wendt manifolds
We start with the definitions. Let n = 2k + 1 be an odd number and let a 1 , ..., a n be a basis in R n . Let A i , i = 1, ..., n − 1, be the linear maps such that A i (a j ) = −a j for i = j a j for i = j .
For i = 1, ..., n − 1 the formula
defines an isometry of R n . It was shown in [15] that the group Γ n = γ 1 , ..., γ n acts freely and properly discontinuously on R n , the orbit space M n = R n /Γ n is a closed orientable manifold, and the holonomy group of M n is isomorphic to Z n−1 2
. We say that M n is the generalized orientable Hantzsche-Wendt manifold. More general classes of Hantzsche-Wendt manifolds were studied in [16] . These manifolds have several interesting properties (see e.g. [11] , [14] , [15] ). One of them is that they are rational homology spheres. In order to prove Theorem 2 we describe flat Riemannian metrics on R n /Γ n .
and let h : Γ → SO(n), h e : Γ → SO(n) be the holonomy homomorphisms of R n /Γ n and R n /Γ e . Then there is an isomorphism Φ : Γ → Γ e such that λ = λ e • Φ.
Proof. a) ⇐ Let , be a Γ n -invariant scalar product in R n . If i belongs to {1, ..., n − 1} and j = i, then
b) The isometries γ i and γ ′ i have the same linear part A i . Using this it is easy to see that the formula Φ(γ i ) = γ ′ i defines an isomorphism such that λ = λ e • Φ. This completes the proof of Lemma 11.
Proof. For n ≥ 5 we have. As A j and A l commute, [γ j , γ l ] is a translation so that [Γ n , Γ n ] ⊆ Γ 0 and consequently there is an epimorphism of Γ n onto
. Using the definition of Γ n one can check that
By [19, ch. 3 , Corollary 3.5.10], H 1 (Γ 3 , Z) ∼ = Z 4 ⊕ Z 4 . As above we obtain our result.
Proof of Theorem 2. The spin structures on M n correspond to homomorphisms h : Γ n = π 1 (M n ) → Spin(n) such that h = λ • h. Let e i = ||a i || −1 a i be the orthonormal basis from Lemma 11. As in [13] and [16] consider the extra special 2-group G n ⊂ Spin(n), generated by −1 and the products of even number of copies of e 1 , ..., e n . We show that there is an epimorphism h e : Γ e → G n such that h e (γ ′ i ) ∈ λ −1 (A i ), i = 1, ..., n − 1. For every j = 1, ..., n − 1, take E j = e 1 · · · e j−1 e j+1 · · · e n . A direct calculation yields Since k is odd, all E 2 j are equal to −1. The group G n is generated by E 1 , ..., E n−1 . By [16, Theorem 2] , there is an epimorphism f : Γ n → G n whose kernel is equal to 2e 1 , e 1 − e 2 , e 2 − e 3 , ..., e n−1 − e n .
It follows that h e (γ j ) = δ j E j where δ j ∈ {−1, 1}. Since λ( h e )(γ ′ i ) = A i = h(γ i ) we have λ • h e = h so that h e , define 2 n−1 different spin structures on M n . By Lemma 12, there are no other all spin structures on M n = R n /Γ n .
b) The maximal abelian subgroup Γ 0 of Γ n is equal to a 1 , ..., a n and h(Γ) = A 1 , ..., A n−1 . As in Section 2 consider B = {b ∈ R n : b, γ ∈ Z for γ ∈ Γ 0 }. If v is a harmonic spinor on M n , with the spin structure h δ , then gv = v for every g ∈ h δ (Γ n ) = G n . Since −1 ∈ G n we have −v = v and thus v = 0. This finishes the proof of Theorem 2.
Remark 4. If k is even and M n ∈ F HW , then M n does not admit any spin structure. To see this assume the contrary that the holonomy homomorphism h : Γ n → SO(n) has a lift h : Γ n → Spin(n). Clearly #im h = 2#im h. Let E j be as in the proof of Theorem 2. Since λ(E j ) = A j we have h(γ j ) = ±E j . As k is even, E 2 j = 1 so that h(a j ) = h(γ 2 j ) = 1 and Γ 0 ⊆ ker h. In particular, #im h ≤ #(Γ n /Γ 0 ) = #im h. This is impossible, because the kernel of the epimorphism λ| E 1 ,...,E n−1 is nontrivial. For other examples of closed flat manifold without any spin structure we refer to [17] and [18] . It is easy to see that any flat manifold, whose holonomy group has odd order, admits a spin structure (cf. [18, Corollary 1.3] and [7, page 40] ).
